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Abstract
We consider the coupling of the electromagnetic field to a non-local gravity theory comprising
of the Einstein-Hilbert action in addition to a non-local R−2R term associated with a mass
scale m. We demonstrate that in the case of the minimally coupled electromagnetic field, real
corrections about the Reissner-Nordstro¨m background only exist between the inner Cauchy horizon
and the event horizon of the black hole. This motivates us to consider the modified coupling of
electromagnetism to this theory via the Kaluza ansatz. The Kaluza reduction introduces non-local
terms involving the electromagnetic field to the pure gravitational non-local theory. An iterative
approach is provided to perturbatively solve the equations of motion to arbitrary order in m2 about
any known solution of General Relativity. We derive the first-order corrections and demonstrate
that the higher order corrections are real and perturbative about the external background of a
Reissner-Nordstro¨m black hole. We also discuss how the Kaluza reduced action, through the
inclusion of non-local electromagnetic fields, could also be relevant in quantum effects on curved
backgrounds with horizons.
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I. INTRODUCTION
The observed late-time accelerated expansion of our Universe [1, 2] have inspired numer-
ous modified gravity theories which aim to provide a natural explanation for the cosmological
constant. One such class of theories which have been considerably investigated over the years
include non-local corrections of either the Einstein field equations or the Einstein-Hilbert
action. Non-locality has been used to address several areas in cosmology and black hole
physics, including an explanation for dark energy [3–17], dark matter [18–23], path integrals
in quantum gravity [24, 25], ghost-free higher derivative theories [26–35] and the near hori-
zon properties of black holes [36–39], among other areas. Non-local terms generally result
in effective actions due to integrating out certain fields from a given theory. Many of the
models in the references above were in part inspired by the anomaly-induced quantum effec-
tive actions resulting from gravitational anomalies and their applications [40, 41]. Through
their involvement of inverse differential operators, non-local terms are also associated with
the infrared corrections of a theory. However, the construction of a consistent infrared de-
formation of General Relativity (GR) provides a considerable challenge. The theory should
be consistent with current cosmological observations, respect causality and be free of ghosts
[42, 43], at least up to a reasonable UV cutoff. One of the earliest proposed modifications
involves the degravitation idea [3, 4], where non-local corrections of the Einstein field equa-
tions involving the inverse D’Alembertian could filter out the contribution of the vaccuum
energy density to the cosmological constant. These equations were later shown to admit a
stress tensor which is in general not conserved on curved backgrounds. The first covariant
description following the degravitation idea was provided in [13],
Gµν − m
2
3
(gµν−1R)T = 8piGTµν (1.1)
where m is a mass scale taken to be of the order of the Hubble parameter (H0),  = gµν∇µ∇ν
is the D’Alembertian operator and the superscript ‘T ’ denotes the transverse component.
By explicitly considering the transverse component, the non-local term in Eq. (1.1) ensures
the covariant conservation of the stress tensor and that the ghosts remain non-radiative.
While a covariant action from which this equation follows has not yet been derived, another
action where the equations agree at the linearized level was introduced in [44]
SMM =
1
16piG
∫
d4x
√−g
[
R− m
2
6
R
1
2R
]
(1.2)
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Eq. (1.1), as well as the equation of motion resulting from Eq. (1.2), have been shown to be
consistent with solar system tests and agree, as well as the ΛCDM model, with current cos-
mological observations [43–52]. The spherically symmetric corrections to the Schwarzschild
and FRW backgrounds were also derived in [44]. These solutions do not involve non-linear
instabilities in the region outside the horizon. This is unlike the scenario in massive grav-
ity theories generically, where non-linearities do creep in below a Vainshtein radius thereby
causing a breakdown of the theory well outside of the event horizon. The success of non-local
theories such as Eq. (1.2) however are not known to include general theories with tensorial
non-localities. Theories involving curvature terms other than the Ricci scalar generally do
not lead to stable cosmological evolution [53].
Non-local field theories can always be treated as local constrained field theories through
the introduction of non-dynamical auxilliary fields [43]. The non-local terms of the original
theory impose constraints on the auxilliary fields which hold for a large class of non-local
theories. For instance, let us consider the case of a gravitational action which involves
a f(R)−nR term, where f(R) is an arbitrary function of the Ricci scalar and ‘n’ is an
arbitrary positive integer. The local formulation of this action will then always involve an
auxilliary field U satisfying U = −R. This field plays a central role in our consideration
of the coupling of the electromagnetic field. Thus while our arguments will be made for
Eq. (1.2), our analysis will hold for a large class of non-local pure gravitational theories,
particularly for all local formulations of non-local theories containing U as defined.
In the case of local field theories, it is natural to consider the minimal coupling presciption.
However, as just discussed, the dynamics of non-local theories requires a local formulation
with certain constraints which the gravitational fields must satisfy. One could thus consider
the non-local coupling of matter fields such that the constraints include the matter fields
as well. Such non-local terms which involve both gravitational and gauge fields appear
regularly in the context of anomaly-induced quantum effective actions. In this paper, we
will use the Kaluza ansatz as a prescription to include non-local electromagnetic terms in
a given non-local pure gravitational action. We apply the Kaluza ansatz to Eq. (1.2) in
five-dimensions following the approach considered in [54]. The Kaluza-Klein reduction in
the context of other modified gravity theories [54, 55] results in an effective action involving
non-minimal couplings between the electromagnetic field strength and curvature tensors.
Non-minimal couplings between the electromagnetic field and curvature terms have been
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considered previously for their cosmological implications [56–60]. They also arise in the one-
loop effective action for quantum electrodynamics on curved backgrounds [61], which have
applications in graviton-photon scattering processes [62–64]. The action resulting from the
Kaluza ansatz in the present case will lead to terms non-local in both the electromagnetic
field strength tensor and the Ricci scalar.
In considering corrections about the Reissner-Nordstro¨m (RN) background, we will
demonstrate that the usual minimal coupling of the electromagnetic field is unsatisfactory.
Apart from being complex outside the event horizon of the black hole, the corrections do
not reduce to those noted for the Schwarzschild background in the limit of vanishing charge.
Thus while real perturbative corrections can be derived from Eq. (1.2) about vacuum so-
lutions of GR, they do not appear to exist about known electrovacuum solutions of GR in
the minimally coupled case. In contrast, the corrections to the RN background resulting
from the Kaluza reduced action are well defined in the region beyond the event horizon and
reduce to the known corrections for the Schwarzschild background in the limit of vanishing
charge.
The organization of our paper is as follows. In Sec. II, we review the basic properties of
the action introduced in [44] and the correction derived about the Schwarzschild background.
We then demonstrate that such real corrections do not exist outside the event horizon of
a RN black hole when the electromagnetic field is minimally coupled to the theory. In
Sec. III, we apply the Kaluza ansatz to the five-dimensional gravitational action to derive
an effective action which is non-local in both electromagnetic and gravitational fields. In
Sec. IV, the equations of motion of this action are derived and compared with those for the
original non-local theory with a minimally coupled electromagnetic field. Sec. V describes
an iterative procedure which can be used to solve the equations of motion resulting from the
Kaluza reduced non-local action. Here we derive the first order corrections about the RN
background and consider the form of the higher order corrections. From this we argue that
perturbative corrections exist to all orders about the RN background. We then conclude
with a discussion of our results and future directions in Sec. VI.
4
II. THE NON-LOCAL GRAVITATIONAL ACTION
In this section, we will review the non-local action, its equations of motion and the
derivation of the corrections about the Schwarzschild background as provided in [44, 65].
We will denote the gravitational action introduced in [44] by SMM
SMM =
1
16piG
∫
d4x
√−g
[
R− µR 12R
]
, (2.1)
where G is the Newton constant, g is the determinant of the metric gµν , µ =
m2
6
is the
mass term associated with the additional non-local contribution in the action and  is the
D’Alembertian operator. For the rest of the paper, we will set G = 1. We can always include
a given local matter action SM to Eq. (2.1) to define
SNL = SMM + SM . (2.2)
We can further define two auxilliary, non-dynamical fields U and S which satisfy
 U = −R ,  S = −U , (2.3)
These fields can be included in Eq. (2.2) with the help of Lagrange multipliers ξ1 and ξ2 to
provide the following local formulation
SNL =
1
16pi
∫
d4x
√−g [R− µRS − ξ1(U +R)− ξ2(S + U)] + SM . (2.4)
The equations of motion for U and S are given by
 ξ1 + ξ2 = 0 ,
 ξ2 + µR = 0 , (2.5)
respectively, from which we can identify ξ2 = µU and ξ1 = µS on comparing with Eq. (2.3).
With these expressions for ξ1 and ξ2, we have the following equation of motion for the metric
Gµν(1− 2µS)− 8piTµν = µKµν , (2.6)
where the stress energy tensor Tµν is defined in the usual way
Tµν := − 2√−g
δSM
δgµν
(2.7)
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and Kµν is given by
Kµν = gµν
(
2S +∇αU∇αS − 1
2
U2
)
− 2∇µ∇νS − (∇µU∇νS +∇νU∇µS) . (2.8)
It follows from Eq. (2.8) that ∇µKµν = 0. Since the matter theory is minimally coupled
to the background, its equations of motion are unaffected in the present case. Thus the
modified theory satisfies the usual conservation equations. The trace of the field equations
on the other hand is modified. Denoting the trace of the stress-energy tensor as T , the trace
of Eq. (2.6) is given by
R(1− 2µS) + 8piT = −µ (6S − 2U2 + 2∇αU∇αS) , (2.9)
A. Corrections about the Schwarzschild background
The field equations given in Eq. (2.6) can be used to find the corrections about known
backgrounds of GR. Such corrections about the Schwarzschild and FRW backgrounds were
described in [44], based on the analysis carried out for Eq. (1.1) in [65]. We will now
briefly review this derivation for the Schwarzschild background. By considering the following
spherically symmetric 4d metric
ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2(dθ2 + sin2θdφ2) , (2.10)
its substitution in Eq. (2.3) provides the following two equations
r2U ′′ +
[
2r + (α′ − β′)r2]U ′ = −2e2β + 2 [1 + 2r(α′ − β′) + r2(α′′ + α′2 − α′β′)] , (2.11)
S ′′ + (α′ − β′ + 2
r
)S ′ = e2βU . (2.12)
Likewise, from Eq. (2.6) and Eq. (2.10) the equations for e2(β−α)R00 +R11 and R22 take the
following form
(1− 2µS)(α′ + β′) = −µr [S ′′ − (α′ + β′ − U ′)S ′] , (2.13)
(1− 2µS) [1 + e−2β(r(β′ − α′)− 1)] = µ [r2(U + U2
2
)
− 2re−2βS ′
]
. (2.14)
Eqs. (2.11-2.14) represent four independent equations in four unknowns. The primes in these
equations denote differentiation with respect to r, i.e. α′ = ∂α
∂r
. Due to the non-vanishing
U and S fields, the right hand side of Eq. (2.13) does not vanish as it does in GR and leads
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to α being in general different from β. The complete solutions were not derived for these
coupled differential equations. However they can be solved in terms of corrections about the
Schwarzschild background in the region far away from the black hole.
In the Newtonian limit where rS  r, with rS denoting the Schwarzschild radius, we can
consider perturbations about flat space and m arbitrary. The solution for U(r) resulting from
Eq. (2.11) is now given by the Green function for the inhomogeneous Helmholtz equation.
With this solution for U , the following expressions for A(r)(= e2α) and B(r)(= e2β) were
derived
A(r) = 1− rS
r
[
1 +
1
3
(1− cosmr)
]
,
B(r) = 1 +
rS
r
[
1− 1
3
(1− cosmr −mr sinmr)
]
, (2.15)
The corrections can also be derived in the small m limit, i.e. r  m−1. In this limit, the
metric approximates to those of the Schwarzschild background, i.e. α ≈ ln(1 − rS
r
) ≈ −β.
Eq. (2.11) then simplifies to U = 0 about the Schwarzschild background, which has the
following general solution
U(r) = u0 − u1ln(1− rS
r
) . (2.16)
This expression can be substituted in Eqs. (2.12, 2.13, 2.14), to solve for A(r) , B(r) and S(r).
For real constants u0 and u1, the solution of Eq. (2.16) is real for all values of r beyond the
Schwarzschild radius. The constant u0 however provides a cosmological constant to the field
equations. This can be noted from Eq. (2.6), where the µU
2
2
gµν term contained in Kµν would
provide such a contribution. Since we are considering corrections about the Schwarzschild
background, this constant should be set to vanish. The corrections resulting from Eq. (2.16)
were found to agree with the corresponding expressions in Eq. (2.15) provided u1 = 1. With
these values for the constants, we have
U(r) = −ln(1− rS
r
) . (2.17)
Note that while this solution is not well defined for r ≤ rS (near the horizon), it does
nevertheless allow for corrections outside the horizon of the black hole. Eq. (2.17) provides
the following leading order correction to the metric when rS  r
A(r) = e2α ≈ 1− rS
r
(
1 + µr2
)
. (2.18)
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The solutions were further considered via numerical integration to account for corrections
beyond first-order. This verified that the corrections to GR remain 1 +O(m2r2) and linear
up to r ∼ rS (since m ∼ H0) at higher orders. Thus one recovers the vacuum solution
of Einstein’s equations in the limit of m → 0, demonstrating that the theory contains no
vDVZ discontinuity. This is in contrast with the result in the case of the Einstein-Hilbert
action with a Fierz-Pauli term, where a vDVZ disconuity does result. The linear expansion
breaks down below a Vainshtein radius rV = (
GM
m4
)1/5, which is parametrically larger than
the Schwarzschild radius.
B. Corrections about an electrovacuum background
In this subsection, we will briefly describe how the minimally coupled Maxwell action does
not lead to real corrections outside the event horizon of a RN black hole. Let us consider
the inclusion of the Maxwell action
SM = − 1
16pi
∫
d4x
√−gF βγFβγ , (2.19)
in Eq. (2.2). The gravitational field equations are as given in Eq. (2.6) and from Eq. (2.7)
we have the following stress-energy tensor
Tµν =
1
4pi
(
FµαF
α
ν −
1
4
F βγFβγgµν
)
. (2.20)
Varying with respect to the electromagnetic field provides Maxwell’s equations, which are
not modified in the present case
∇µF µν = 0 (2.21)
As in the case of the Schwarzschild background, we can solve Eq. (2.6) by assuming the
spherically symmetric metric given in Eq. (2.10). Without assuming any particular ansatz
for the electromagnetic field, we can now show that real perturbative corrections do not
exist outside the event horizon of a charged black hole solution of GR, such as the RN black
hole. Denoting the mass and charge of the RN black hole by M and Q respectively, the
small m limit in this case implies α ≈ ln(1− 2M
r
+ Q
2
r2
) ≈ −β. We denote the horizon radius
in this case as rH = M +
√
M2 −Q2. The constraint equation in Eq. (2.11) now becomes
U = 0 about the RN background, whose general solution is given by
U = c1 +
c2√
M2 −Q2 ArcTanh
(
r −M√
M2 −Q2
)
. (2.22)
8
ArcTanh(x) is real only when its argument lies between x ∈ [−1, 1]. In the context of its
argument in Eq. (2.22), this region lies between M − √M2 −Q2 and M + √M2 −Q2.
Thus for real coefficients c1 and c2, real solutions exist only in the region between the inner
Cauchy horizon and the event horizon of the RN black hole. The region beyond the event
horizon can be only considered through complex coefficients. As an interesting point, we
also note that in the limit of Q → 0 one does not recover the Schwarzschild limit result
Eq. (2.17). Unlike Eq. (2.16), the solution given in Eq. (2.22) does not admit a real, small m
correction outside the event horizon of the RN black hole. Thus real solutions of Eq. (2.6)
with an electromagnetic stress-energy tensor cannot be perturbative about the external RN
background. In a means to resolve this, we will consider the non-minimal coupling of the
electromagnetic field to the theory via the Kaluza Ansatz in the next section.
III. THE KALUZA REDUCED ACTION
In this section we will describe the Kaluza ansatz, which can be used to geometrically
determine the electromagnetic coupling to a given pure gravitational theory. We assume a
five-dimensional spacetime with the following metric
gˆAB =
gµν + α2AµAν αAµ
αAν 1
 , (3.1)
where α is a parameter which will be fixed later. Here and elsewhere in this section,
five-dimensional objects will be represented with hats, uppercase Latin indices are five-
dimensional, A,B, · · · = 0, · · · , 4, while Greek indices are four-dimensional, µ, ν, · · · =
0, · · · , 3 . The inverse of Eq. (3.1) is given by
gˆAB =
 gµν −αAµ
−αAν α2AγAγ + 1Φ2
 . (3.2)
From Eq. (3.1), it follows that
√−gˆ = √−g. We will further assume the cylindricity
condition ∂gˆAB
∂x5
= 0. An immediate consequence of this condition is that ˆ = gˆAB∇ˆA∇ˆB =
gµν∇µ∇ν = . Using the metric given in Eq. (3.1), we find the following components of the
Ricci tensor
Rˆµν = Rµν +
1
4
α4F βγFβγAµAν − 1
2
α2(Aµ∇βF βν + Aν∇βF βµ + FβµF βν) ,
Rˆµ5 =
1
4
α3F βγFβγAµ − 1
2
α(∇βF βµ) , Rˆ55 =
1
4
α2F βγFβγ . (3.3)
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The Ricci tensor components can now be used to derive the five-dimensional Ricci scalar
Rˆ = R− α
2
4
F βγFβγ . (3.4)
Writing the radius of compactification of the fifth dimension as R˜ , and the five-dimensional
Newton’s constant as Gˆ5 , we find that setting
2piR˜
Gˆ5
=
1
G
= 1 , α2 = 4G = 4 , (3.5)
leads to the following reduction of the five-dimensional Einstein-Hilbert action
1
16piGˆ5
∫
d5x
√
−gˆRˆ = 1
16pi
∫
d4x
√−gR− 1
16pi
∫
d4x
√−gF βγFβγ . (3.6)
Thus the choice considered in Eq. (3.5) leads to the usual Einstein-Maxwell action in four
dimensions. Let us now consider Eq. (2.1) in five dimensions. The action in this case is
given by
SˆMM =
1
16piGˆ5
∫
d5x
√
−gˆ
[
Rˆ− µˆRˆ 1
ˆ2
Rˆ
]
, (3.7)
The five-dimensional mass scale µˆ must be such that µˆ = mˆ
2
6
= m
2
6
= µ, as the mass scale
must match the original non-local theory in the limit of a vanishing electromagnetic field.
Likewise, since ˆ2 = 2, their inverses should also agree. For the remaining terms, we
substitute Eq. (3.5) and Eq. (3.4) to find the following reduced action
SKMM =
1
16pi
∫
d4x
√−g
[
R− F βγFβγ − µ
(
(R− F βγFβγ) 12 (R− F
βγFβγ)
)]
(3.8)
Eq. (3.8) now comprises non-local terms which involve both the Ricci scalar and the electro-
magnetic field strength tensor. In the next section, we will consider the local formulation of
this action through the introduction of auxilliary fields. The constraint equations satisfied
by these auxilliary fields will play an important role in the nature of the resulting solutions.
IV. EQUATIONS OF MOTION
Let us define two variables U˜ and S˜ which satisfy
U˜ = − (R− F βγFβγ) , S˜ = −U˜ . (4.1)
The presence of F βγFβγ as a source for the U˜ field distinguishes the fields given in Eq. (4.1)
with those of Eq. (2.3). The fields U˜ and S˜ can now be substituted in Eq. (3.8) with the
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help of two Lagrange multipliers ξ1 and ξ2 to give
SKMM =
1
16pi
∫
d4x
√−g
[
(R− F βγFβγ)(1− µS˜)− ξ1
(
U˜ +R− F βγFβγ
)
− ξ2
(
S˜ + U˜
)]
.
(4.2)
Varying this action with respect to U˜ and S˜ we find
−ξ2 −ξ1 = 0 ,
−µ(R− F βγFβγ)−ξ2 = 0 , (4.3)
respectively. These two equations identify ξ2 = µU˜ and ξ1 = µS˜. From Eq. (4.2) we find
the following equation of motion for the metric
(Gµν − 8piTµν)
(
1− 2µS˜
)
= µK˜µν , (4.4)
where Tµν is as defined in Eq. (2.20) and
K˜µν = gµν
(
2 S˜ +∇αU˜∇αS˜ − 1
2
U˜2
)
− 2∇µ∇νS˜ −
(
∇µU˜∇νS˜ +∇νU˜∇µS˜
)
. (4.5)
The equations of motion for the electromagnetic field Aµ resulting from Eq. (4.2) is given
by
∇µ
((
1− 2µS˜
)
F µν
)
= 0 . (4.6)
Thus both Einstein’s and Maxwell’s equations involve non-local corrections. This is unlike
the situation where the electromagnetic field is minimally coupled. In comparing Eq. (4.4)
with Eq. (2.6) we note that the stress-energy tensor in the Kaluza reduced case also involves µ
corrections. Finally, while Eq. (4.5) and Eq. (2.8) show that the general correction terms K˜µν
and Kµν are structurally similar, they provide different contributions due to the difference in
the definitions of the auxilliary fields. In the following subsection, we will derive the solution
of Eq. (4.4) through an iterative approach built on known solutions of GR.
V. ITERATIVE APPROACH FOR THE SOLUTIONS
To construct the solutions of the equations of motion given in the previous section, let
us rewrite Eq. (4.4) and Eq. (4.6) in the following way
Gµν − 8piTµν = µ
(
K˜µν + 2S˜(Gµν − 8piTµν)
)
∇µF µν = 2µ
(
(∇µS˜)F µν + S˜∇µF µν
)
. (5.1)
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The form of these equations suggest that we can consider the fields gµν and Aµ in terms of
their zeroth-order and first-order (in µ) contributions
gµν = g
(0)
µν + g
(1)
µν , Aµ = A
(0)
µ + A
(1)
µ . (5.2)
Here {g(1)µν , A(1)µ } is linear in µ and {g(0)µν , A(0)µ } satisfy the the Einstein-Maxwell equations
G(0)µν − 8piT (0)µν = 0 , ∇(0)µ F (0)µν = 0 . (5.3)
Thus g
(0)
µν and A
(0)
µ represent any known electrovacuum solution of GR. Here we will assume
the standard RN solution
g(0)µν =

−f(r) 0 0 0
0 f(r)−1 0 0
0 0 r2 0
0 0 0 r2sin2θ
 , F (0)µν =

0 Q
r2
0 0
−Q
r2
0 0 0
0 0 0 0
0 0 0 0
 , (5.4)
where f(r) = 1− 2M
r
+ Q
2
r2
, with M and Q denoting the mass and charge of the black hole
respectively, while F
(0)
µν = 2∂[µA
(0)
ν] is the lowest order electromagnetic field strength tensor.
Using these solutions, we can find the first-order corrections in µ from Eq. (5.1)
G(1)µν − 8piT (1)µν = µ
(
K˜(0)µν + 2S˜
(0)(G(0)µν − 8piT (0)µν )
)
= µK˜(0)µν ,
∇(1)µ F (0)µν +∇(0)µ F (1)µν = 2µ
(
(∇(0)µ S˜(0))F (0)µν + S˜(0)∇(0)µ F (0)µν
)
= 2µ(∇(0)µ S˜(0))F (0)µν .
(5.5)
In Eq. (5.5), ∇(0)µ and ∇(1)µ imply that the connection in the covariant derivative involve
terms up to the respective order. G
(1)
µν and T
(1)
µν are the first-order contributions of Gµν and
Tµν , while K˜
(0)
µν is described in terms of the zeroth-order fields with the following expression
K˜(0)µν = g
(0)
µν
(
2(0)S˜(0) +∇(0)α U˜ (0)∇(0)αS˜(0) −
1
2
U˜ (0)2
)
− 2∇(0)µ ∇(0)ν S˜(0)
−
(
∇(0)µ U˜ (0)∇(0)ν S˜(0) +∇(0)ν U˜ (0)∇(0)µ S˜(0)
)
. (5.6)
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To solve Eq. (5.5), we will assume the following ansatz for the spherically symmetric metric
and electromagnetic field strength
gµν =

−(f(r) + µA(r)) 0 0 0
0 (f(r) + µ(A(r)−B(r)))−1 0 0
0 0 r2 0
0 0 0 r2sin2θ
 ,
Fµν =

0 Q
r2
+ µD(r) 0 0
−Q
r2
− µD(r) 0 0 0
0 0 0 0
0 0 0 0
 , (5.7)
where A(r) , B(r) and D(r) represent the first-order correction terms. Let us first consider
the constraint equations given in Eq. (4.1), which will be needed to solve Eq. (5.5). The
constraint equations are satisfied at all orders in µ. The first-order corrections to the metric
and electromagnetic field strength tensor require the zeroth-order solutions of the constraint
equations. From Eq. (4.1), we have the following lowest order equations
(0)U˜ (0) = F (0)αβ F (0)αβ = −
2Q2
r4
, (0)S˜(0) = −U˜ (0) . (5.8)
To simplify the notation, we will henceforth label U˜ (0)(r) and S˜(0)(r) as u˜(r) and s˜(r)
respectively. Using this notation, from Eq. (5.4) and Eq. (5.8) we have the following two
equations about the RN background
2Q2
r4
= −f(r)′u˜(r)′ + f(r)
(
2u˜(r)′
r
+ u˜(r)′′
)
(5.9)
u˜(r) = f(r)′s˜(r)′ + f(r)
(
2s˜(r)′
r
+ s˜(r)′′
)
, (5.10)
where primes denote differentiation with respect to coordinate ‘r’. The first-order correction
of the (1− 2µS)(g00R00 − g11R11) term can be found from the first equation of Eq. (5.5)
f(r)B(r)′ −B(r)f(r)′ = −2rf(r)2(u˜(r)′s˜(r)′ + s˜(r)′′) . (5.11)
Likewise, the second equation of Eq. (5.5) provides the first-order correction to Maxwell’s
equation
Q (B(r)f(r)′ −B(r)′f(r)) = −2f(r)2 (−Qs˜(r)′ + 2rD(r) + r2D(r)′) . (5.12)
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Finally, the first-order correction to R22 can also be determined from the first equation of
Eq. (5.5) to be
4rf(r)s˜(r)′ = 2
(
A(r) + 2QD(r) + r2
(
u˜(r) +
u˜(r)2
2
)
+ r
(
A(r)′ − B(r)
′
2
))
−B(r)
(
2 +
2Q2
f(r)r2
+
rf(r)′
f(r)
)
. (5.13)
Eqs. (5.9-5.13) provide a sequence of equations which can be used to solve the coupled
differential equations. Beginning with Eq. (5.9), we can find a solution for u˜(r). Using this
solution in Eq. (5.10), we can solve for s˜(r). These two solutions can be used in Eq. (5.11),
where we now solve for the field B(r). Proceeding in this way, we can solve for the fields
u˜(r) , s˜(r) , B(r) , D(r) and A(r) sequentially and determine the first-order correction to the
field equations. This sequence also demonstrates the pivotal role of u˜ in providing the
corrections.
A. First order corrections
The general solution of Eq. (5.9) on the RN background is given by
u˜ = c1 +
c2√
M2 −Q2 ArcTanh
(
r −M√
M2 −Q2
)
− ln
(
1− 2M
r
+
Q2
r2
)
. (5.14)
Following the discussion below Eq. (2.22), there are no real constants c1 and c2 which admit
real corrections outside the event horizon of a RN black hole. By setting c1 = 0 = c2, the
homogeneous solution can be eliminated and we are left with
u˜ = −ln
(
1− 2M
r
+
Q2
r2
)
. (5.15)
This solution, apart from being real outside the event horizon of the RN black hole, also
agrees with Eq. (2.17) in the limit of vanishing charge. Neither Eq. (2.17) nor Eq. (5.15) are
real for r ≤ rH , due to the fact that both solutions of the constraint equations were derived
in static coordinates. We could always derive a solution for u˜ by adopting coordinates
which are well defined across the horizon. However, as we intend to derive the perturbative
corrections outside the RN black hole and compare these with the known corrections about
the Schwarzschild background, we will continue to adopt the usual spherically symmetric
coordinates in this section.
14
The solution of u˜ is real outside the event horizon of a RN black hole and thus allows
us to consider perturbative corrections in µ in this region. Using Eq. (5.15) in Eq. (5.10),
the general solution of s˜ comprises of logarithmic terms, products of logarithmic terms and
polylog functions, which are similar to those found about the Schwarzschild background [65].
Further, unlike the Schwarzschild case, there exist the homogeneous contribution involving
the ArcTanh
(
r−M√
M2−Q2
)
functions, which can again be addressed through an appropriate
choice of the constants. The solutions for A(r) , B(r) andD(r) are significantly more involved
in the logarithmic terms which can obscure their leading order behaviour when rH  r. We
will thus consider only the leading order in r contribution for all the correction terms, for
which we find the following
A(r) = −2Mr − 2(M2 −Q2) + d1 +O(r−1)
B(r) = d1 +O(r−1)
D(r) = −2MQ
r
+O(r−2) (5.16)
The lowest order correction to the RN background can be found by taking d1 = 0. Substi-
tuting Eq. (5.16) in Eq. (5.18) we find the following non-vanishing corrections of the metric
and electric field, to first-order in µ and leading orders in r
g00 ≈
(
1−
(
2M
r
)
(1 + µ(r2 +Mr)) +
Q2
r2
(1 + 2µr2)
)
F01 ≈ Q
r2
(1− 2µMr) (5.17)
As can be seen from comparing Eq. (2.18) with Eq. (5.17), the corrected metric is an
appropriate extension of the result for the Schwarzschild background. We also note that
the electric field contains a charge correction which involves the mass M of the black hole.
Such r−1 corrections for the electric field are absent when the electromagnetic field is min-
imally coupled. The corrections beyond leading order in Eq. (5.16) could be relevant in
the region beyond the horizon. We have thus also taken into account the complete solution
for A(r) , B(r) and D(r) numerically. The plots for these solutions are provided in Figure
1. These should not be confused with µA(r) , µB(r) and µD(r), which provide the actual
corrections to the metric and electromagnetic field strength and are neglibly small except
for mr ≥ 1. The corrected metric and field strength have been compared with the uncor-
rected RN solutions in Figures 2 and 3. These figures indicates the excellent agreement of
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FIG. 1: In all plots M = 5 and Q = 4 are assumed; The event horizon is located at rH = 8.
Left: The complete first-order correction funtions A(r) (red), B(r) (blue) and D(r) (green) near
the horizon of the black hole (From r = 8 to r = 40).
Right: The same functions now considered up to r=1000. A(r) , B(r) and D(r) approach finite
values at the horizon and are well behaved outside the horizon.
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FIG. 2: Comparative plots of the complete first-order corrected g00 (red dashed) and g
11 (blue
dashed) metric components with that of the uncorrected RN g
(0)
00 (yellow) assuming M = 5 , Q = 4
and µ = m
2
6 = 10
−6.
Left: From r = 8 to r = 40. Right: From r = 8 to r = 2000
the complete first-order corrected solution with the original RN solution from r ≈ rH up to
mr < 1.
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FIG. 3: Comparative plots of the complete first-order corrected electric field (green) with that of
the uncorrected RN electric field (yellow) assuming M = 5 , Q = 4 and µ = m
2
6 = 10
−6.
Left: From r = 8 to r = 40. Right: From r = 8 to r = 2000
B. Higher order corrections
We have just demonstrated that the Kaluza reduced action admits real first-order cor-
rections outside the event horizon of a RN black hole. The complete solution can be derived
iteratively and constructed in powers of µ = m
2
6
. However, in order for the solutions to
be perturbative, the corrections to the metric and the field strength must continue to not
grow at higher orders in µ. Here we will consider the nature of the corrections at order µ2
and argue why this behaviour will continue to hold to all orders. Following the first-order
correction, the metric and electromagnetic field strength tensor to order µ2 can be expressed
as
gµν =

−(f˜(r) + µ2A˜(r)) 0 0 0
0 (f˜(r) + µ2(A˜(r)− B˜(r)))−1 0 0
0 0 r2 0
0 0 0 r2sin2θ
 ,
Fµν =

0 C˜(r) + µ2D˜(r) 0 0
−C˜(r)− µ2D˜(r) 0 0 0
0 0 0 0
0 0 0 0
 , (5.18)
where f˜(r) and C˜(r) are g00 and F01 of Eq. (5.17) respectively. To determine the second-
order corrections of the metric and electromagnetic field strength, we need to solve the
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first-order constraint equations given by
(0)U˜ (1) = −R(1) + F (0)αβ F (1)αβ + F (1)αβ F (0)αβ −(1)u˜ , (5.19)
(0)S˜(1) = −U˜ (1) −(1)s˜ . (5.20)
U˜ (1) and S˜(1) denote the first-order corrections of U˜ and S˜ respectively. While the Ricci
scalar vanishes on the RN background (R(0) = 0), its first order correction does not and has
the following expression
R(1) = 4
(M2 −Q2 + 3Mr)
r2
+O(r−3) . (5.21)
The additional O(r−3) terms for R(1) indicate contributions from those terms which were
ignored in going from Eq. (5.16) to Eq. (5.17). Denoting the right hand side of Eq. (5.19)
by l(r), it is clear that (0)U˜ (1) = l(r) has the same homogeneous solution about the RN
background involving the Tanh(x) function. This piece can always be ignored through the
choice of constants. The remaining inhomogeneous solution has the general form
U˜ (1)(r) = a0u˜(r) + · · · , (5.22)
where a0 is a constant which depends only on the mass and charge of the RN black hole
and · · · represent terms which involve products of logarithms and polylogarithms. These
additional contributions are a result of the non-vanishing Ricci scalar at this order and the
contribution from (1)u˜. Following the steps outlined in the first-order correction of the
previous subsection, we find that when rH  r the leading order corrections at this order
are given by
A˜(r) = αr + β +O(r−1) ,
B˜(r) = γ +O(r−1) ,
D˜(r) =
δ
r
+O(r−2) . (5.23)
In Eq. (5.23), α , β , γ and δ are dimensionful constants which depend only on the mass
and charge of the RN black hole. Each of the leading contributions indicated in Eq. (5.23)
are a result of the a0u˜ term of U˜
(1)(r). The product of logarithm terms indicated through
the ellipsis in Eq. (5.22) contribute only to the subleading terms in Eq. (5.23). It can be
noted that the leading contribution in Eq. (5.23) has the same form as Eq. (5.16), up to
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new constants which involve the parameters of the RN black hole. The dependence on the
parameters of black holes imply µ2A˜(r) < µA(r), µ2B˜(r) < µB(r) and µ2D˜(r) < µD(r),
which further imply that the corrections are perturbative up to this order.
Since the solutions for U˜(r) , S˜(r) , A(r) , B(r) and D(r) at each order result from the r
dependence of the solutions of the previous order, it follows that the corrections at higher
orders in µ will also have the same leading order in r behaviour. By considering the region
outside the horizon and up to subleading terms in r, the corrections are perturbative for r >
rH and µr
2  1. This extends the observation made about the Schwarzschild background,
where the nature of the first-order corrections were shown by numeric integration to be
maintained at higher orders for the µr2  1 region outside the event horizon of the black
hole [65]. Here we have seen that this property is due to the leading order in r contribution
to U˜ at all orders, which up to dimensionful constants, is of the same form as u˜.
VI. DISCUSSION
In this paper, we investigated the coupling of the electromagnetic field to non-local gravity
theories and their implications on the resulting electrovacuum solutions. In particular, we
considered the action introduced in [44], which is causal, covariant and free of ghosts, and
satisfies currently known cosmological observations. However, in Sec. II we also noted that
while the action admits real perturbative corrections about the Schwarzschild background, it
does not admit similar corrections about the RN background when the electromagnetic field
is minimally coupled. This was determined through the constraint equation of the auxilliary
field ‘U ’ given in Eq. (2.3), whose introduction was needed for the local formulation of
the theory. We determined that this equation does not admit real solutions outside the
event horizon of the RN black hole. As a consequence, we cannot construct solutions which
involve real, perturbative corrections about the RN background. Since this result also follows
directly from the auxilliary field equation, our conclusion holds for other non-local pure
gravitational theories involving the Ricci scalar. One reason for the absence of real solutions
of the constraint equation on the RN background is the presence of the electric charge in
the metric. We thus require a charged source for the constraint equation, which can only
result from non-local terms involving the electromagnetic fields.
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We then considered the modified coupling of the electromagnetic field by performing
the Kaluza reduction on the non-local action of Eq. (3.7) in Sec. (III). The Kaluza reduced
action involves terms which are non-local in both gauge and gravitational fields. In Sec. (IV),
we introduced auxilliary fields and considered the resulting local formulation of the action.
Due to the non-local coupling of the electromagnetic field in the Kaluza reduced action,
Maxwell’s equation and the stress-energy tensor receive corrections involving the auxilliary
fields of the theory. In order to derive the classical solutions, we provided an iterative
approach in Sec. V, catered to the five coupled differential equations one needs to solve.
By considering the RN background, we demonstrated that the auxilliary field now admit
real solutions in the region outside the event horizon. This allowed for the derivation of the
first-order in µ corrections of the metric and electromagnetic field strength about the RN
background, whose expressions up to leading orders in r was provided in Eq. (5.16). We
then considered higher order corrections to argue that the corrections are perturbative and
have the same leading order in r behaviour as the first-order corrections, up to dimensionful
constants. Thus the Kaluza ansatz provides the non-local coupling of the electromagnetic
field needed to admit real perturbative corrections about electrovacuum solutions of GR.
The lowest order solutions of the auxilliary fields, given in Eq. (2.17) about the
Schwarzschild background for the original non-local theory and Eq. (5.15) about the RN
background for the Kaluza reduced action, both involved the logarithm of the lapse func-
tion of the respective background. This was a consequence of adopting static coordinates,
which allowed us to investigate perturbations outside the event horizon of the black hole.
To consider the near horizon physics of black holes, it will be interesting to use coordinates
which are well behaved across the horizon. This will in particular be relevant to study quan-
tum effects due to non-local fields on curved backgrounds. Here we note the ‘non-violent
non-local’ (NVNL) proposal [37, 38], which could provide a possible resolution of the infor-
mation paradox. Further, it has been argued that some of the consequences of this proposal
could have observable signatures in future gravitational wave observations [39, 66, 67]. Some
implications of the NVNL proposal on non-local scalar fields were considered in [68] and it
will be interesting to extend these results to non-local gauge fields. As the non-local elec-
tromagnetic fields involved in the Kaluza reduced action also modify Maxwell’s equations,
the Gauss law constraint of the theory will involve non-local corrections as well. This could
have further implications on the charges and near horizon properties of black holes.
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Non-local electromagnetic fields allow for other quantum effects on curved backgrounds.
The anomaly-induced quantum effective actions resulting from background gravitational
and gauge fields have applications in the scattering amplitudes on curved backgrounds.
Contributions to graviton-photon amplitudes will exist when the effective action contains
non-local terms involving an inverse quartic operator as well as both R and FαβF
αβ [69, 70].
Due to the presence of similar terms in the non-local action of Eq. (3.8), one can expect
analogous scattering processes to result from the Kaluza reduced action. We look forward
to investigating these and related topics in future work.
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